Section 6.1 – Absolute Extrema

A relative extremum is the largest or smallest value of a function on some open interval about the point.  An absolute extremum is the largest or smallest value of the function on the entire interval under consideration. 

Functions defined on a closed interval:

[image: ]

The extreme value theorem guarantees the existence of an absolute max/min for continuous functions on a closed interval!



[image: ]



Finding Absolute Extrema on a Closed Interval:


To find absolute extrema for a function continuous on a closed interval :
1. 

Find all critical numbers for in 
2. 

Evaluate for all critical numbers in 
3. 



Evaluate for endpoints  and of the interval 
4. 



The largest value found in step 2 or 3 is the absolute maximum for on , and the smallest value found is the absolute minimum for on .






Examples:    Find absolute extrema for the following functions: 



a)   over the domain: 





















 b)   over the domain: 























 c)  over the domain:  [1,4]






















Functions defined on an open interval:
Extreme value theorem does not apply.  You are not necessarily guaranteed a max and min.

[image: ]
	     Absolute min			       Absolute min		
	  No Absolute max		                 No Absolute max


Finding Absolute Extrema on an Open Interval:
Begin as before by finding any critical numbers. 
Evaluate the function at the critical numbers. 
For an open interval, rather than evaluating the function at the endpoints, we evaluate the limit of the function when the endpoints are approached. 

In many of the word problems in the next section, a continuous function on an open interval has exactly one critical number.   In that case, it is either the absolute max or absolute min.


[image: ]Examples:  Determine the absolute max/min (if any):
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Example:   Find the location of the absolute extrema, if they exist, for the following function:


	





















Section 6.2 – Applications of Extrema

[image: ]
Caution: Do not skip step 6. If a problem asks you to maximize a quantity and you find a critical point, do not automatically assume the maximum occurs there.  It may occur at an endpoint, or it may not exist at all. 


Example:  The sale of compact disks of “lesser” performers is very sensitive to price.  If a CD manufacturer charges p(x)  dollars per CD, where , then x thousand CDs will be sold.

a)  Find an expression for the total revenue from the sale of x thousand CDs.
b)  Find the value of x that leads to maximum revenue.
c)   Find the maximum revenue.





















Example:  The total cost and the total revenue (in dollars) for the production and sale of x hair dryers are  given by:		C(x) = 5x + 2340  and   R(x) = 40x – 0.1x2       

      (a)  Find the profit function








(b)  Find the profit maximizing level of output (ie, what quantity maximizes profit?)
















       (c)  What is the maximum profit?




(d)  Find the marginal cost function

(e)  Find the marginal revenue function

(f)  Set  MR = MC and solve.  What do you notice?






Example:  A local club is arranging a charter flight to Hawaii. The cost of the trip is $425 each for 75 passengers. However if more than 75 people sign up for the flight (assume this is a case), then each fare is reduced by $5 per passenger for each additional person

(a)  Find the number of passengers that will maximize the revenue received from the flight. 

(b)  Find the maximum revenue.







































Section 6.3 –  Elasticity

Elasticity of Demand
Elasticity of demand deals with sensitivity of demand for a product to changes in the price of the product.     Elasticity is defined as:	% change in quantity demanded 
					           % change in price


				ie,  

Suppose that   q = f(p)   (q is the quantity demanded at a price p).



Then,    


This amount will always be negative because dq and dp have opposite signs because they are inversely related (ie, an increase in price causes a decrease in demand and vice versa)





So, the elasticity of demand is given by the following formula:	




	Demand is…
	     if…
	as PRICE….
	Total REVENUE…

	INELASTIC
	E < 1
	increases
(decreases)
	increases
(decreases)

	ELASTIC
	E > 1
	decreases
(increases)
	increases
(decreases)

	UNIT ELASTIC
	E = 1
	remains unchanged
	is maximized









Examples:
Find the elasticity of demand (E) for the given demand function at the indicated values of p.  
Is the demand elastic, inelastic, or neither at the indicated values?  Interpret your results.

1.  	q = 300 – 2p






	(a)  p = $100			Elastic/Inelastic	As price increases, revenue ____.


	(b)  p = $50			Elastic/Inelastic	As price increases, revenue ____.



	(c)  What quantity will maximize revenue?













2.  	q = 400 – 0.2p2








	(a)  p = $20			Elastic/Inelastic	As price increases, revenue ____.


	(b)  p = $40			Elastic/Inelastic	As price increases, revenue ____.


Section 6.4 – Implicit Differentiation

Functions defined in the form y = f(x)  with y given explicitly in terms of x is called an explicit function of x. 



	Examples of explicit functions:	,    


When an equation is not solved for y, y is given implicitly in terms of x. 



	Examples of implicit functions:	,       



Implicit differentiation:

To find for an equation containing x and y:

1. Differentiate on both sides of the equation with respect to x, keeping in the mind that y is assumed to be a function of x.       (NOTE: each time an expression has y in it, use chain rule)
2. 
Place all terms with on one side of the equals sign, all other terms on the other side.
3. 

Factor out , and solve for 




Examples:  Find   for the following:



a)  	













b)  	  
 























c) 	





















Example:   Find the equation of the tangent line to  at the point  (2, 4).  
 
								         (Folium of Descartes)
[image: ]










































Section 6.5 – Related Rates

Time is often present implicitly in a mathematical model, meaning that derivatives with respect to time must be found using implicit differentiation.


Examples:  Assume that x and y are functions of t.  Evaluate  for the following.




(a)   



















(b) 	  


















Related Rates Problem Solving Strategy:

1. Draw a picture and name the variables and constants. Use t for the time. Assume that all variables are differentiable functions of  t.

2. Write down the numerical information (in terms of the symbols you have chosen).

3. Write down what you are asked to find (usually a rate, expressed as a derivative).

4. Write an equation that relates the variables. 

5. Differentiate with respect to t (use implicit differentiation).

6. Solve for the derivative giving the unknown rate of change and substitute the given values.



Example:   A frog jumps into a pond and causes a circular ripple.  If the radius of the ripple is increasing at ½  feet per second, how fast is the area changing when the radius is 5 feet?	

A = π r2

























Example:   A manufacturer of handcrafted wine racks has found that the cost C and revenue R 

(in dollars) in one month are related by the equation   .

Find the rate of change of revenue with respect to time when the cost is changing by $15 per month and the monthly revenue is $25,000.









































Example:   Given the revenue and cost functions	
where x is the daily production (and sales).  Find the following when 200 units are produced daily and the rate of change of production is 50 units per day.

(a)  The rate of change of revenue with respect to time.













(b)  The rate of change of cost with respect to time.













(c)  The rate of change of profit with respect to time.













Example:   A 50-foot ladder is placed against a large building. The base of the ladder is resting on an oil spill, and it slips at the rate of 3 ft/ min. Find the rate of change of the height of the top of the ladder above the ground at the instant when the base of the ladder is 30 feet from the base of the building.
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extreme value theorem (which is proved in more advanced courses).

Extreme Value Theorem
A function f that is continuous on a closed interval [a, b] will have both an absolute
maximum and an absolute minimum on the interval.

A continuous function on an open interval may or may not have an absolute maximum
minimun. For example. the function in Figure 3(a) has an absolute minimum on the interv
(a,b) at x,, but it does not have an absolute maximum. Instead, it becomes arbitrarily large §
x approaches a or b. Also, a discontinuous function on a closed interval may or may not hay
an absolute minimum or maximum. The function in Figure 3(b) has an absolute minimum
x = a, yet it has no absolute maximum. Tt may appear at first to have an absolute maximu
at x,, but notice that £ (x,) has a smaller value than fat values of x less than x,.

The extreme value theorem guarantees the existence of absolute extrema for a contin

FIGURE 3 ous function on a closed interval. To find these extrema, use the following steps.
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